Abstract. We study the dynamics of a pair of atoms, resonantly interacting with a single mode cavity, in the situation where the atoms enter the cavity with a time delay between them. Using time dependent coupling functions to represent the spatial profile of the mode, we considered the adiabatic limit of the system. Although the time evolution is mostly adiabatic, energy crossings play an important role in the system dynamics. Following from this, entanglement, and a procedure for cavity state teleportation are considered. We examine the behaviour of the system when we introduce decoherence, a finite detuning, and potential asymmetries in the coupling profiles of the atoms.
Introduction
Entanglement between Quantum systems is important for the realisation of a Quantum Computer [1] . In recent years many authors have proposed different methods, based on cavity QED systems, for entangling atoms. Some of these proposals use single resonant interactions [2] or strongly detuned cavities [3, 4, 5] , or the adiabatic sequential passage of atoms through cavities [6, 7] . Other schemes use decoherence-free spaces and continuous monitoring of the cavity decay for generating entangled states [8, 9, 10] . Another approach is to make use of photon polarisation measurements for characterising the final atomic state [11, 12, 13] .
In a recent work [14] , we considered an entangling system consisting of a pair of two-level atoms resonantly interacting with a single mode cavity. Taking into account the sequential motion of the atoms through the cavity and the spatial profile of the mode, we utilised an atom-cavity interaction with identical time dependent coupling functions for both atoms. The main feature for this resonant system, when considering the adiabatic limit, was the existence of an energy crossing at the vicinity of a temporal degeneracy. Furthermore, one of the atoms entangles to the cavity, and the system evolution for large photon numbers has a resemblance to the Jaynes-Cummings model. Based on these features, fairly robust methods for entangling the atoms, for quantum state mapping and implementing a SWAP and a C-NOT gate were proposed.
Here we examine the system dynamics in a more general approach by considering the possibility of a finite detuning between a the atoms and the cavity mode, and the potential of having asymmetries in the coupling profiles of the two atoms with respect to each other. Furthermore, we also study the role of decoherence and how this affects the dynamics, but also the fidelity of the proposed applications. As long as the detuning is relatively small, the system behaves in a similar way as before. The atom that enters the cavity second becomes entangled with the field mode, whereas the first atom does not. Furthermore one can still map this entanglement onto the pair of atoms. As long as the detuning is small the fidelity is relatively high. a e-mail: cl90@sussex.ac.uk
On the other hand, for increasing values of the detuning various non-adiabatic effects related to avoided crossings in the adiabatic spectrum, give rise to a tri-partite entanglement between the cavity and both atoms. For detuning much larger than the coupling strength, the cavity is disentangled from the system with the atoms being entangled to each other, while the cavity is only virtually excited [7] .
The differences between the coupling functions for the two atoms, give rise to somewhat different dynamics. Although the second atom still entangles to the cavity, there are two paths which depend on the initial state of the second atom. The system is then characterised by two mixing angles which are functions of the coupling, the interaction time, the photon number and the asymmetry factor of the two coupling profiles.
For a leaky cavity, the effects on the fidelity of the system, and generally the system dynamics, are suppressed as long as a high Q cavity is being used. For example micromaser cavities with Q ∼ 10 10 could be used to experimentally realise the proposed model with negligible effects on the system.
In the following section we introduce the model and the corresponding Hamiltonian, discuss in brief the resonant limit and propose a teleportation protocol for field state transfer between cavities. In section 3, a detailed analysis for the case of asymmetric atomic coupling profiles is presented. Furthermore we discuss the off-resonant limit, and in section 4 we discuss decoherence effects and how these affect the system. Finally in section 5 we conclude by summarising our results.
2 The atom-cavity model
The Hamiltonian
In our model a pair of two-level atoms enters a single mode cavity at different times, moving along the x axis, atom 1, and parallel to this, atom 2, figure 1. The field spatial profile has the form of a Gaussian function along the x direction with additional spatial modulation along the y direction
Replacing the displacement operator with its classical counterpart,x j (t) → v j t, we get the following coupling functions, or profiles, for the two atoms
The dimensionless time τ and the parameter δ are defined in terms of the time width
The time interval ∆t is the time delay after which atom 2 enters the cavity and v the velocity of the atoms which is taken to be the same for both atoms. We have already seen in Ref. [14] , that the resonant non-dissipative system is not too sensitive to the delay time δ and we will rely on this in what follows. Since atom 1 is moving along axis x and atom 2 along a displaced trajectory, figure 1 , and because the field strength depends on y the coupling for the second atom will be modified by a factor ǫ with respect to g 1 = g 0 , g 2 = ǫg 1 . The parameter ǫ is the asymmetry factor for the coupling profiles.
For the Eq. (3) to be valid the two atoms must be moving sufficiently fast so that they don't get reflected by the cavity. This means that the atomic velocity v must be mush greater than the barrier set by the maximum coupling strength g 0 , v ≫ 2 g 0 /m, where m is the atomic mass. Then, if this is the case the centre of mass motion is considered to be classical and one can make the substitutionx j (t) → vt. In the interaction picture, and within the rotating wave approximation, the Hamiltonian reads ( = 1)
The operators a † and a are the Bosonic creation-annihilation operators for the cavity mode, and σ j − and σ j + are the lowering-raising operators for atom j. The detuning between the atomic transition and the mode frequency is ∆. The ground state for atom j is |g j and the corresponding excited is |e j .
Resonant limit
In a previous work [14] , we considered the adiabatic limit for the Hamiltonian (4) with ∆ = 0, and emphasis in the case of equal coupling amplitudes g 1 = g 2 = g 0 , although some of the results are somewhat more general and apply in the case of different couplings g 1 = g 2 .
In the adiabatic limit one can diagonalise the Hamiltonian assuming that the time is a parameter to obtain the time dependent adiabatic energies and the corresponding state vectors [15] . The only relevant bare states for the purposes of our analysis are those with the same number of total excitations since the total number of excitations is a constant of motion |n, e 1 e 2 , |n + 1, g 1 e 2 , |n + 1,
After diagonalising the Hamiltonian (4), we get the following adiabatic energies and the corresponding state vectors [14, 16] 
where the function F n (τ ) is and
The upper sign in Eqs. (8) is for the odd numbered states and the lower one is for the even ones.
A first important property for the adiabatic states is the temporal degeneracy for two of them, figure 2. From Eq. (6a) we can see that for η 1 (t) = η 2 (t) we have that E 1 (t) = E 2 (t). When g 1 = g 2 then t = 0 and for g 1 = g 2 then t has a finite value at the degeneracy which is a function of the ratio ǫ = g 2 /g 1 .
In the vicinity of this temporal degeneracy the adiabatic approximation will fail and this is because the adiabatic theorem holds only for non-degenerate states [15] . One can show that near this point the system undergoes a pure crossing even for unequal couplings g 1 = g 2 . The reason for this behaviour is the diagonal form that the Hamiltonian has in the vicinity of the temporal degeneracy, and the fact that the two adiabatic states, |Ψ 1 and |Ψ 2 , do not couple near the crossing. Thus, if the system is initially in state |Ψ 1 (−∞) , (|Ψ 2 (−∞) ), then for t → ∞ the final state will be |Ψ 2 (∞) , (|Ψ 1 (∞) ) with an arbitrary phase factor θ n , i.e.
and
2.3 Input-output in terms of the bare states for ∆ = 0
For equal couplings ǫ = 1, then θ n = 0. For this limit, and with the following relations for the coupling functions Eq. (2)
the following input-output 
where the angle φ n reads
Equation (12b) describes a complete energy transfer between the two atoms. This will happen without choosing special values for the system parameters provided we ensure the necessary conditions for adiabatic evolution. This robust energy transfer is a reminiscent of the STIRAP method [17, 18] . We also note that Eqs. (12c) and (12d) describe a conditional entanglement of the second atom to the field mode. If atom 2 is not excited, then it will be entangled to the field mode.
An interesting limit for φ n is the one for n ≫ 1. In this limit one can show that φ n has the same dependence with respect to n as the mixing angle in the Jaynes-Cummings model [14] : φ n ≈ 4gσ √ nπ for n ≫ 1. This result suggests that for a large number of photons and with adiabatic evolution, we will have the same kind of dynamics as in the usual single atom JaynesCummings model. What is different is that this Jaynes-Cummings rotation is conditional upon the state of the second atom. This could used for conditional operations in quantum information or for preparing field states with the use of conditional control. Of course in this limit the field dynamics will be the same as for the Jaynes-Cummings model [19] .
Applications: Quantum teleportation between cavities
Based on this input-output table applications in the field of Quantum Information and Quantum teleportation can be realised. We have discussed the implementation of SWAP and C-NOT gates, generating atomic entanglement and robust quantum state mapping. The proposed applications are fairly robust and rely on the control of a single parameter, i.e. the mixing angle φ n . Furthermore the proposed applications are characterised by relatively high fidelities up to 99% even for errors of the order of 10% in δ or 1% in σ [14] .
To this end is interesting to consider in detail the realisation of a teleportation protocol between two different cavities. The setup consists of three identical cavities placed in a row, with classical EM fields between them. Assuming that the first cavity is initially in the superposition
we send a pair of non-excited atoms through the first cavity, ensuring that φ −1 = π/2. Then according to Eqs. (12) , the state of atom 2 will be α|g 2 −iβ|e 2 .
Using the EM field after cavity 1 we perform the phase transformation |e 2 →i|e 2 . In this way the mode state for cavity 1 is mapped onto atom 2, while atom 1 and cavity 1 are not excited.
The atoms now cross the second (auxiliary) cavity with arbitrary φ −1 . Subsequently we perform a rotation −i|e 1 with an EM field so that we get the state |0; g 2 (α|g 1 +iβ|e 1 ) .
Finally, the two atoms cross the third cavity with φ −1 = π/2; the result is to get both atoms in their ground state and the cavity 3 in the same state as cavity 1 was initially. Thus with this fairly simple method we can teleport the state of a cavity to another cavity.
For the results up to this point, and for the proposed applications to be valid the adiabatic approximation must hold. This will be true as long as the coupling strength is greater than a lower bound defined by the interaction time and the photon number n. For small photon numbers, n ∼ 1, the coupling strength must be of the order of 10/σ. For a larger number of excitations in the cavity, this lower bound increases meaning that the coupling strength or the interaction time must also increase for the adiabatic approximation to be valid [14] . In addition the delay time ∆t must be of the order of the interaction time. Furthermore, the system is fairly robust with respect to this parameter, since in our scheme the accurate control of δ is not important. Instead a rather simple condition with δ ∼ 1, i. e. 1.0 ≤ δ ≤ 1.25, must be satisfied as seen in Ref. [14] .
3 Effects due to different couplings and finite detuning
Different couplings
As already mentioned in section 2.2 the results for the adiabatic states and the corresponding energies are general and hold even if ǫ = 1. The energy crossing will exist for g 1 = g 2 but the point where this occurs is no longer at t = 0. Because of this the mixing angle θ n is no longer zero since the energies E 1 (τ ) and E 2 (τ ) are no longer symmetrical; i.e. E j (−τ ) = E j (τ ), j = 1, 2 although E 1 (τ ) = −E 2 (τ ), figure 2. Thus the integral (10) has a finite value. This results in input-output relations that differ from the ones in Eqs. (12) .
For example, the state |n; e 1 , e 2 is equivalent to the following superposition for τ → −∞
For τ → ∞ and taking into account the crossing Eq. (9) we have |n; e 1 , e 2 → − e˙ı
Using the limits Eq. (11) and Eqs. (8) we have [14] |n; e 1 , e 2 → cos(θ n )|n; e 1 , e 2 −i sin(θ n )|n + 1; e 1 , g 2 .
In a similar way we will find that |n + 1; g 1 , e 2 → cos(θ n )|n + 1; e 1 , g 2 −i sin(θ n )|n + 1; e 1 , e 2 .
In contrast to Eqs. (12a) and (12b), we see that there is no longer robust exchange of energy between the atoms. Furthermore, for ǫ = 1 atom 2 will get entangled to the cavity mode without any condition on its initial state. If it is excited then the entanglement is defined by the mixing angle θ n , whereas if it is initially placed in its ground state the entanglement is defined by the mixing angle φ n . Both mixing angles have a dependence with respect to δ, n, σ, g 0 and ǫ. For θ n = 2π we recover the same input-output expressions as Eqs. (12) .
An interesting feature of the system is that for ǫ = 1, the robust state mapping between the two atoms, or the mapping between one of the atoms and the cavity, which depends on the mixing angle φ −1 and consequently the teleportation protocol in section 2.4 remains fairly robust. The reason for this is that for this application the only states involved are |0; g 1 , e 2 , |0; e 1 , g 2 , |1; g 1 , g 2 .
For this subspace the mixing angle θ n=−1 is zero by definition. Thus the only parameter to be controlled is the mixing angle, as in the case of identical coupling profiles, ǫ = 1.0. On the other hand, applications, such as the entangling of atoms, become more involved since an extra control parameter, the angle θ n , appears in the system evolution. For example, if the initial state of the system is
then the output state will be
Thus, with a probability that always exceeds 50% the two atoms are entangled to each other. For example if θ 0 = 2kπ and φ −1 = 2mπ, with k and m integers, the probability is one and the two atoms are maximally entangled. For different values of the mixing angles the probability is less than one and the entanglement is not maximal, and vanishes if cos(θ 0 ) = 0 = cos(φ −1 ). Because of the complex dependence of both mixing angles with respect to the asymmetry ǫ, the fidelity of a maximally entangled state is very sensitive with respect to ǫ. For ǫ ∼ 1, it oscillates relatively fast with a decaying amplitude, figure 3 , and revivals are observed for different values of the asymmetry parameter ǫ. Despite this, and because the condition cos(θ 0 ) = 0 = cos(φ −1 ) is only satisfied for certain values of the asymmetry parameter, the atomic entanglement persists even if the asymmetry factor is not one.
Effects of the finite detuning
For finite detuning, one can show that the system has the following dark state
Taking into account Eq. (11) we see that the robust energy change between atoms, Eq. (12b), takes place even for a finite detuning. Thus the robust state mapping between the two atoms can be realised even if the detuning is not zero. Furthermore for ∆ ≫ g 0 , an effective Hamiltonian for the states |0; g 1 , e 2 and |0; e 1 , g 2 is obtained after adiabatic elimination of the off-resonant states |0; e 1 , e 2 and |1; g 1 , g 2 .
This Hamiltonian has two eigenstates (adiabatic states), the dark state |D Eq. (21), and
where the corresponding adiabatic energy is
Taking into consideration Eq. (11) and Eqs. (21) and (22), we get the following input-output relations for the adiabatic limit
where the angle Θ reads
Equation (24) represents a SWAP operation, but when it is combined with the initial state |Ψ 0 , Eq. (19) , it gives the following output state
The phase factor e −iΦ represents the phase acquired by the state |0; e 1 , e 2 during the system evolution. This is an entangled state of the two atoms and becomes a maximally entangled state if the two phases are both e −iΘ = e −iΦ = ±1 since the fidelity for the entangled state (26) is and it has a maximum, F = 1, for Θ = 2mπ and Φ = 2kπ where m, k = ±1, ±2 . . . .
In figure 4 , the fidelity is plotted with respect to the detuning ∆ as calculated after numerically integrating the Schrödinger equation for the Hamiltonian (4). We see that for a small detuning the fidelity decays fast, below 50%, and then oscillates with a non harmonic profile, and an average value below unity, figure 4 (left). This is due to the fact that either both atoms, or one of them, entangles to the cavity, and thus we don't have pure atomic entanglement. As the detuning increases the fidelity continues oscillating, but the average fidelity varies periodically between zero and one; figure 4 (right). Subsequent investigation has shown that these variations in the average fidelity are due to the interference between the two phase terms involving e −iΦ and e −iΘ . In general, the off-resonance case is characterised by three regimes. The first regime is that for small detuning, ∆/σ < 20, where the system qualitatively behaves in a similar way to the resonant case. More specifically the second atom entangles to the cavity mode, as is evidenced by the populations seen in figure 6 . The entanglement depends on ∆ and equations (12) are no longer valid.
For ∆ ∼ 20/σ, the adiabatic spectrum has three avoided crossings, figure 5 . Because of this the two atoms entangle to the cavity mode forming the state c 1 |n; e 1 , e 2 + c 2 |n + 1; e 1 , g 2 + c 3 |n + 1; g 1 , e 2 .
Each of the three adiabatic states which are involved in the avoided crossings, figure 5 , map, at τ → ±∞, with one of the three states appearing in Eq. (28). Because of the small gap in the vicinity of the avoided crossings, the three adiabatic states are coupled to each other and as a result the system, which starts in one of the three states, |n; e 1 , e 2 , |n + 1; e 1 , g 1 or |n + 1; g 1 , e 2 , ends up in an entangled state similar to (28), figure 6. In the limit of large detuning, ∆ ≥ g 0 , as already discussed, the cavity is not excited and does not entangle to the atoms, as is shown by the populations seen figure 6. The two atoms can interact with each other via virtual excitations of the cavity field, and get entangled. Similar results were previously obtained for ∆ ≫ g 0 with use of a time dependent Frölich transformation [7] . 6 . The final populations for the states |0; e1, e2 (solid), |1; g1, e2 (dot), |2; g1, g2 (dot-dashed) and |1; e1, g2 (dashed). This latter state was chosen to be the initial state of the system. The parameters are: δ = 1.0, n = 0, g1σ = 50, ǫ = 1.0 and −6σ ≤ t ≤ 6σ. The populations were calculated at t = 6σ. Notice the evidence for tri-partite entanglement when ∆σ ∼ 20.
Effects due to cavity losses
The results from the previous sections were derived without taking into account the cavity decoherence due to photon losses. In order to understand the importance of decoherence, we solved the master equation for the density matrix ρ(t) of the entire atom-cavity system,
The term L(ρ) describes the damping of the field mode with a rate γ into an empty thermal reservoir at zero temperature [19] 
The main result of the simulations with Eq. (29), is that, as expected, the predictions of the previous sections will hold as long as the cavity losses are substantially suppressed. For example, in figure 7 the fidelity for the maximally entangled state is plotted with respect to γ. As long as the decay rate γ is much smaller than 1/σ, then the fidelity remains large, of the order of unity. For a micromaser cavity with Q ∼ 10 7 , a photon lifetime 160µs and σ ∼ 20µs [20] , the decay rate is approximately γσ = 0.125. For such a cavity the fidelity is just less than 0.9, figure 7. On the other hand, for a micromaser cavity with Q ∼ 10 10 , a photon lifetime is 0.1s, and the interaction time σ of the order of 100µs [21] , the decay rate is approximately γ = 10 −3 /σ. For this decay rate the fidelity is F ≈ 1 − 10 −4 . Both cases are shown in figure 7: γσ = 10 −3 marked with an asterisk and γσ = 0.125 with a cross. Thus, the system dynamics can be well described in terms of the ideal model in the absence of decoherence in practical cases, such as the high Q cavity example with Q ∼ 10 10 .
Conclusion
In this paper, we examine a system of two atoms interacting with a single mode cavity. Assuming that the atoms enter the cavity at different times, and follow different trajectories inside the cavity, we utilise a cavity-atom interaction with sequential time dependent coupling profiles. We have studied the importance of asymmetries between the atomic coupling profiles. In general the behaviour of the unbalanced system is similar to the ideal case when the coupling profiles are identical in shape. The atom that enters the cavity second is entangled to the cavity mode, whereas the first atom is not. This is due to the existence of an energy crossing in the adiabatic spectrum. Furthermore, the entanglement is defined by the initial state of the second atom, and the degree of entanglement is a function of two mixing angles. Both mixing angles are functions of the coupling strength, the interaction time and the asymmetry factor.
The proposed teleportation protocol remains fairly robust since the system control is a function of only one mixing angle. This is due to the fact that the states involved in the protocol belong to a subspace of the general Hilbert space with a single excitation. Within this subspace, one of the mixing angles is by definition zero. On the other hand, the generation of a maximally entangled state is rather sensitive to variations of the asymmetry factor, with an intense oscillatory fidelity. For an asymmetry factor ǫ ≈ 0.99 the fidelity drops to 0.8, where as for ǫ ≈ 0.96 the fidelity is zero.
For off-resonance interactions, the system is characterised by three distinct dynamic regimes. For small detuning, the system qualitatively behaves in a similar way as in the resonant limit. The second atom entangles to the cavity where the entanglement is a function of the detuning and the remaining system parameters. For moderate detunings, both atoms entangle to the cavity this being due to three avoided crossings in the adiabatic spectrum. For a detuning larger than the coupling, the cavity decouples from the system evolution and atoms interact with each other via virtual excitations of the cavity. The system evolves inside a two dimensional phase space, and the fidelity for a maximally entangled state has an extreme behaviour with respect to one of the phase parameters. On the other hand even with a finite detuning the robust state mapping between atoms is valid.
A potential experimental realization of the current model requires a high Q micromaser in order to suppress the cavity losses. A cavity with small quality factor, Q ∼ 10 7 is in practice substantially affected by decoherence effects reducing the fidelity of the proposed applications by a factor greater than 10%. On the other hand, for a cavity with Q of the order of 10 10 , the decoherence is found to have negligible effects on the system evolution. For example, with such a cavity the fidelity of a maximally entangled state reduces only by 0.2%.
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